In this paper the three-loop polarization functions Π(q 2 ) are calculated for the cases of an external vector, axial-vector, scalar or pseudo-scalar current. Results are presented for the imaginary part which directly leads to the cross section σ(e + e − → Z → hadrons) and to the Higgs decay rates, respectively.
Introduction and notation
A variety of important observables are essentially given by the correlators of currents with different tensorial structure. The cross section for e + e − annihilation into hadrons is governed by the vector current correlator, the Z decay rate by a combination of vector and axial correlators [1] . Higgs decays can be expressed by the correlators of the corresponding scalar or pseudo-scalar current densities. Theoretical predictions for all these quantities in one-and two-loop approximation, corresponding to the Born level and the order α s corrections, are available since long. However, in view of the present or the foreseeable experimental precision improved calculations of these quantities are required, at least up to order α 2 s , if possible even up to order α 3 s . For massless quarks the NNLO result is available both for the vector [2] and the scalar correlators [3] . Quark mass effects are often incorporated by inclusion of the lowest one or two terms in an expansion in m 2 /s. This approach is well justified for many applications [1] . Even for relatively low energy values, down to about three to four times the quark mass this approach leads to an adequate result if sufficiently many terms are included in the expansion [4, 5] . Nevertheless it is desirable to calculate the correlator for arbitrary values of m 2 /s without directly invoking the high momentum expansion. Recently this was achieved for both real and imaginary parts of the three-loop polarization function [6] with a heavy quark coupled to an external current. In a first step the method was applied to the case of the vector current correlator. In this paper also the axial-vector, scalar and pseudo-scalar cases are considered. This completes the relevant O(α 2 s ) corrections to polarization functions for neutral gauge bosons induced by heavy quarks, more specifically to their "non-singlet" parts. Contributions from the double-triangle diagram, giving rise to "singlet" contributions, are not considered in this work and will be treated elsewhere.
It is useful to define dimensionless variables:
where q is the external momentum of the polarization function and s is the center of mass energy in the process e + e − → hadrons. Then the velocity, v, of one of the produced quarks reads
Every time the generic index δ appears without further explanation it is understood that δ represents one of the letters a, v, s or p.
The polarization functions for the four cases of interest are defined by
with the currents
In Eqs. (3) and (4) two powers of q are factored out in order to end up with dimensionless quantities Π δ (q 2 ). As we are only interested in the imaginary part the overall renormalization can be performed in such a way that this is possible. Furthermore we ensure that Π δ (0) = 0. The transformation from this scheme to other (overall) renormalization conditions is discussed in App. A. Concerning the renormalization it should be mentioned that for the scalar and pseudo-scalar current the combinations mj s and mj p , where m is the pole mass, have to be considered in order to arrive at finite results. Note that Π v L = 0 and Π a L is trivially obtained from Π p through the axial Ward identity
). The physical observable R(s) is related to Π(q 2 ) by
R δ (s) = 8π Im Π δ (q 2 = s + iǫ) for δ = s, p .
It is convenient to define
and similarly for R δ (s). The abelian contribution Π represents the double-triangle contribution. Our procedure will be applied to the first three terms in Eq. (9) , the last two terms will be studied elsewhere.
The paper is organized as follows: In the next section the expressions for the polarization functions in the different kinematical regions are provided. In Section 3 the approximation method is described and the results are given in Section 4. The conclusions are finally presented in Section 5.
Discussion of the kinematical regions
This section provides a discussion of three kinematical regions where analytical results are available and contains the input data required for the approximation method.
High energy region
The input from the kinematical region where −q 2 ≫ m 2 puts stringent constraints on the form of the polarization function and plays an important rôle for our procedure. In the limit of large external momentum the polarization function can be cast into the following form:
The coefficients D δ n contain ln(−z)-terms up to third order. For the subsequental discussion only the terms with n = 0 and 1 are needed. These first two terms can be calculated by simply Taylor expanding the diagrams in the mass 1 . This leads to massless three-loop integrals for which the technique is known since long [7] . The following decomposition of the coefficients D δ n is adopted:
where
and D
(1),δ n the sum runs only up to k = 1 and k = 2, respectively. The results for the four cases are available in the literature [2, 8, 3] . We have independently repeated this calculation. The results in the on-shell scheme are listed in Tab. 1. Due to our renormalization condition (Π δ (0) = 0) for a comparison with [2, 8, 3] This information will serve as input for the procedure described in Section 3. It should be noted that in contrast to the vector case treated in [6] the axial-vector, scalar and pseudo-scalar correlator also develop cubic logarithms ln 3 (−z). If we had adopted the MS definition for the mass and µ 2 = q 2 , these cubic logarithms would vanish.
Behaviour at q 2 = 0
An important input to the behaviour of the polarization function originates from the Taylor expansion around q 2 = 0. In this case the three-loop diagrams have to be expanded in the external momentum leading to massive tadpole integrals. The calculation is performed with the help of the algebraic program MATAD written in FORM [9] . It automatically expands in q up to the desired order, performs the traces and applies recurrence relations [10] to reduce the many different diagrams to a small set of master integrals. The structure of Π(q 2 ) is as follows: Although the calculation is performed analytically the results are listed in numerical form in Tab. 2 with the choice µ 2 = m 2 . The analytic expressions are given in App. C. For the vector correlator the first seven coefficients are already listed in [6] , whereas all other results are new.
Threshold behaviour
At threshold it is most convenient to consider first the information about R δ (v) and transform this subsequently into the corresponding expression for relations. Whereas the treatment of the four cases in the high energy and small q 2 region is quite similar there is a big difference at threshold between the vector and pseudo-scalar correlators on one hand and the axial-vector and scalar correlators on the other hand. The latter are suppressed by a factor v 2 w.r.t. the former. This can already be seen by considering the Born results:
At O(α s ) an expansion for v → 0 is helpful for the considerations below. It reads:
The exact results can be found in [11, 12] . The analytical evaluation of the double-bubble diagrams with massless fermion loop insertions indicates [13] that the characteristic scale of the first two terms proportional to π 2 is given by the relative momentum, the last term (which is due to hard transversal gluon exchange) by the mass of the heavy fermion. This motivates the decomposition adopted in Eqs. (14) (15) (16) (17) .
Let us at O(α 2 s ) first discuss the abelian contribution proportional to C 2 F . The ratio between R (2),δ A and R (0),δ is proportional to the Sommerfeld factor y/(1 − e −y ) with y = C F πα s /v, which resums contributions of the form (α s /v) n . Axial-vector and scalar correlators follow the P-wave scattering solution for the Coulomb potential. Hence an additional factor (1 + y 2 /(4π 2 )) has to be taken into account in order to obtain the correct leading term of O(α 2 s ) [14] . For the vector and pseudo-scalar contribution also the next-to-leading term in v can be determined by taking into account the correction factor arising from the exchange of transversal gluons which reads (1 − C F 4α s /π) for the vector and (1 − C F 3α s /π) for the pseudo-scalar case. As R 
It is, of course, necessary to incorporate the strong 1/v singularity into the approximation method for the vector and pseudo-scalar case. In contrast the axial-vector and scalar current correlator are very smooth at threshold so that these terms are not used for our procedure. The comparison of these Padé results with the exact terms at threshold will be performed in Section 4 and demonstrates that the threshold behaviour is well reproduced -an independent test of our method.
The analytical results for the three-loop diagrams where a massless quark loop is inserted into the gluon propagator plus the corresponding real corrections are available for the vector current correlator [13] and the remaining correlators as well 2 [15] in analytic form. The scalar case can also be found in [16] . Expanding the results near threshold leads to
We include subleading terms proportional to ln v in this expansion, since the agreement of our approximation improves visibly in those cases where the analytical result is known. In order to get the threshold behaviour for the non-abelian part it is either possible to use the QCD potential and the perturbative relation between α V ( q 2 ) and α s (µ 2 ) or to proceed as demonstrated in [17] and deduce the gluonic double-bubble diagram, R (2),δ g , from the corresponding fermionic contribution and evaluate it for a special choice of the gauge parameter ξ. This is based on the observation that the terms proportional to C A in the relation between α V ( q 2 ) and α s (µ 2 ) are covered by the (one-loop) gluon propagator choosing ξ = 4. We will choose the second method since this trick is used also for the actual calculation. Following [6] the expansion of the "double-bubble" result for ξ = 4 is taken to represent the expansion of the full non-abelian part. For the four correlators it is given by:
To combine the results from different kinematical regions the above expressions for the imaginary part have to be transformed into analytical functions for Π δ (q 2 ) which respect Eqs. (6) and (7). This can be done in close analogy to [6] .
The approximation procedure
This section is devoted to the description of the approximation method. In order to save space we will not present explicit formulae. They look very similar to the ones for the vector case discussed in [6] . The treatment of the abelian part of the pseudo-scalar correlator is in close analogy to [18] .
In a first step a functionΠ δ (q 2 ) is constructed which contains no high energy singularities and no logarithmic terms at threshold. This is achieved with the help of the function
The combination (1 − z)G(z) has a polynomial behaviour for z → 0 and vanishes at threshold (z → 1). For the case z → −∞ the expansion of G(z) develops logarithms starting with ln(−1/(4z))/(2z). This property is exploited and a function of the form
where n is an integer and m, l ≥ 0 is constructed in order to remove the ln(−z) terms of Π δ (q 2 ). Whereas for the vector case described in [6] no cubic logarithms appear (see Tab. 1) and therefore quadratic combinations in G(z) are sufficient, for the other three cases this is not true: The axial-vector correlator develops ln 3 (−z)/z terms and combinations like (1 − z) 2 (G(z)) 3 are required. For the scalar and pseudo-scalar case also cubic logarithms appear which are not suppressed by powers of z, whence terms like In a second step we perform a variable change. Via the conformal mapping
the complex q 2 -plane is mapped into the interior of the unit circle and the upper (lower) part of the cut starting at z = 1 is mapped onto the upper (lower) perimeter of the circle. The special points q 2 = 0, 4m 2 , −∞ correspond to ω = 0, 1, −1, respectively. In this new variable we construct a function P (ω) for which the Padé approximation is performed. According to the different behaviour ofΠ δ (q 2 ) near threshold actually two different functions have to be defined:
Thereby P I (ω) takes care of the cases where a 1/v singularity is present (Π (2),v A and Π (2),p A ). The factor (1 − ω) corresponds effectively to a multiplication with v. At this point we should mention that in order to incorporate also the constant term at threshold which has its origin in the correction factor introduced before Eq. (18) may be found in [19] and [20] , respectively. P II (ω) treats all other cases whereΠ δ (q 2 ) is just a constant for z = 1. Note, that this constant is unknown and consequently P II (1) may not be used for the construction of the Padé approximation. P I (1) is directly connected with the 1/v singularity and, of course, known. The high energy terms are treated in the same way for P I (ω) and P II (ω): Due to the subtraction ofΠ δ (−∞) the constant terms transform to P (0) and the difference together with the prefactor 1/(1 + ω) 2 projects out the 1/z suppressed terms in the limit ω → −1. Finally the moments from z → 0 transform into derivatives of P (ω) at ω = 0. In total the following information is available for P I (ω):
These eleven data points allow the construction of Padé approximations like [5/5] , [6/4] For the non-abelian contributions proportional to C A C F there is an alternative approach. Following the method outlined in [17] the imaginary part of the gluonic double-bubble contributions, R (2),δ g (s), can be computed analytically from the knowledge of the fermionic contribution R
is, of course, gauge dependent. However, for the special choice ξ = 4, where ξ is defined via the gluon propagator (− g µν + ξ q µ q ν /q 2 )/(q 2 + iǫ) the threshold behaviour of the non-abelian contribution (see Eqs. (24-27)) and the leading high energy logarithms are covered by R (2),δ g (s). Therefore it is promising to apply the procedure described above to the difference Π (2) 
which has a less singular behaviour than Π (2),δ N A (q 2 ). The results for the non-abelian contribution presented in the next section are based on this method.
Results
After the Padé approximation is performed for the function P (ω) the corresponding equations are inverted in order to get Π δ (q 2 ). In Figs. 1-4 the results are presented grouped according to the threshold behaviour. In Fig. 1 and 3 R(s) is plotted against the velocity for the vector and pseudo-scalar and the axial-vector and scalar case, respectively. The Figs. 2 and 4 contain the corrections plotted versus x. Also the threshold and high energy approximations are shown (dashed lines). For the vector correlator terms up to O(x 12 ) are available [4] . Although in our procedure only terms up to O(x 2 ) are incorporated the higher order terms are very well reproduced. For the scalar and pseudo-scalar polarization function terms up to O(x 8 ) are available [5] . Again only the quadratic terms are build into the approximation method. However, the numerical coincidence with the high energy approximations is very good. Actually it is hardly possible to detect a difference between the high energy terms and the Padé results when x is used as abscissa. A similar behaviour is observed for the axial-vector case where only quartic terms are available [21] .
In this presentation it is not possible to notice any difference between the different Padé approximants. Minor differences can be seen after the leading terms at threshold are subtracted. This can be seen in Figs. 5 and 6. It should be stressed that the vertical scale is expanded by up to a factor 100 in comparison with Figs. 1 and 3 . The following notation is adopted: All Padé approximations containing information up to C 6 are plotted as a dashed line and the higher ones as full lines. The obvious exceptions are represented by a dash-dotted line and the exact results are drawn as dotted curves.
The vector case is already discussed in [6] . The inclusion of C 8 into the analysis shows a further stabilization of the results. The plot for the abelian part in For the pseudo-scalar correlator we find similar results concerning the behaviour of the Padé approximations when more information is included. The abelian contribution for the pseudo-scalar case contains 17 different results. The dash-dotted lines differ from the remaining ones significantly. The corresponding Padé approximants are [3/2] and [2/5] . A spread between the different Padé approximants can also be observed for the non-abelian contribution to the vector and pseudo-scalar cases. In both cases, however, convergence is visible if more information is included into the construction procedure. In the plot for δR (2) ,p N A (s), e.g., the dash-dotted line correspond to the Padé approximation [2/3] containing only the first three moments for q 2 → 0. If this curve is ignored the spread is much less dramatic and the difference between the remaining Padé approximations shown is very tiny and completely negligible. The excellent agreement for the fermionic contribution in the pseudo-scalar case is comparable to the one for the vector correlator. In both cases the exact results [15] , plotted as a dotted line, is indistinguishable from the approximations.
Coming to the axial-vector and scalar case we would like to remind the reader that for these correlators no singularities are present in the limit v → 0. However, also here it is instructive to subtract the leading terms and look closer to the remainders δR (2),a and δR (2),s . As can be seen by comparing Fig. 3 and Fig. 6 the reduction in the scale lies between a factor two and ten. Also the very smooth behaviour of the subtracted results near threshold is clearly visible. One recognizes that, e.g. the remainders of the non-abelian and light-fermion contributions shown in Fig. 6 are zero almost up to v ≈ 0.2.
Let us now consider the threshold behaviour of the abelian contribution. As mentioned in Section 2 the corrections start with a term linear in v. We are now in the position to compare the Padé results with the exact expressions. In Tab of the coefficients of both the expansion and the exact result is shown. Although the analytically known terms are not incorporated into the approximation method they are very well reproduced by our method.
In the abelian part of the scalar correlator there are two Padé approximants which differ significantly (dash-dotted lines) from the other eight results. One of them is a low-order Padé approximation containing only the information up to C 2 and the other one ( [4/3] ) has a pole close to ω = 1 (1.02) which is reflected in the enhancement in the vicinity of the threshold.
Both the non-abelian and fermionic contributions show an excellent agreement between the different Padé approximations. We should mention that at least 14 approximations are plotted and for R Finally we present handy approximation formulae for the abelian and non-abelian contributions. The procedure used to get them is described in [6] . There the approximation formulae for the vector case are already listed. For completeness we repeat them at this point: 
where p = (1 − v)/(1 + v), ζ(2) = π 2 /6, ζ(3) ≈ 1.20206 and P i (p) are the Legendre polynoms:
is the exact result for the gluonic double-bubble to be reconstructed from the fermionic contribution [17] :
For some cases the degree of the polynomial used for the fit has to be increased in order to end up with reasonable approximations. The first lines of the result contain the exactly known high energy and threshold contributions. The proceeding lines represent the numerically small remainder, R (2),δ,rem x with x ∈ {A, NA}, which is plotted in Fig. 7 together with the result from the Padé approximation.
Conclusions and summary
The vacuum polarization function has been evaluated in order α 2 s for vector, axial-vector, scalar and pseudo-scalar currents. The results take full account of the quark mass and are applicable between the production threshold and the high energy region. The method is based on the Padé approximation and uses the leading terms at high energies and at threshold plus the lowest eight coefficients of the Taylor series of Π δ (q 2 ) around zero. The stability of this approximation has been verified and excellent agreement between the present result and the predictions based on the high energy expansion is observed. These results can be used to evaluate the cross section for top pair production in electron positron annihilation through the vector and axial-vector current and the decay rate of a scalar or pseudo-scalar Higgs boson into top quarks in the full kinematical region and in next-to-leading order.
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Appendix A MS definition of the polarization functions
In this appendix we present the missing pieces needed to express the polarization functions, Π δ (q 2 ), in the MS scheme which means that in the expression obtained after the renormalization of α s and m only the poles are subtracted. Expressing the results still in terms of the on-shell mass, m,Π δ (q 2 ) reads:
where the bar only refers to the overall renormalization. For the different cases we get (C v 0 is already listed in [6] ):
with L µm = ln µ 2 /m 2 . ζ is Riemanns zeta-function with the values ζ(2) = π 2 /6, ζ(3) ≈ 1.20206, ζ(4) = π 4 /90, and B 4 ≈ −1.76280 is a numerical constant typical for three-loop tadpole integrals [10] . For the vector case the first seven moments were already presented in [6] . All other results are new. The leading threshold terms are subtracted. The dashed lines contain only information up to C 6 whereas for the full curves also C 7 and C 8 is used. The obvious exceptions are represented by the dash-dotted curves. They are described in the text. 
